Int J Theor Phys (2008) 47: 961-970
DOI 10.1007/s10773-007-9522-z

Algebraic Criteria for Entanglement in Multipartite
Systems

J.D.M. Vianna - M.A.S. Trindade - M.C.B. Fernandes

Received: 22 May 2007 / Accepted: 8 August 2007 / Published online: 21 September 2007
© Springer Science+Business Media, LLC 2007

Abstract Quantum computing depends heavily on quantum entanglement. It has been
known that geometric models for correlated two-state quantum systems (qubits) can be de-
veloped using geometric algebra. This suggests that entanglement may be given a purely
algebraic description without resort to any particular representation on Hilbert spaces. In
the case of the Clifford algebra, for example, the states are not simply operands in a Hilbert
space representation of the algebra but they are considered as embedded within the Clif-
ford algebra itself. In other words the space of states sits inside the algebra. This Clifford-
algebraic substructure is a minimal left ideal of the algebra. This fact naturally poses the
question of whether or not the description of entanglement in multipartite systems can be
generalized to algebras possessing one-sided ideal structure. By making tensor products of
algebras and their minimal one-sided ideals we propose an algebraic criteria for character-
izing entanglement in multipartite systems without resort to any representation on Hilbert
spaces.

Keywords Clifford algebra - One-sided ideal - Qubits - Multipartite entanglement

1 Introduction

The definition of entangled states in quantum mechanics is often stated in terms of the
factorization properties of tensor products of Hilbert spaces along with the superposition
principle. Quantum entanglement in 2-party systems is currently well understood [3, 10, 13]
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but the mathematical description of entanglement for multipartite systems is less understood
[10]. Such cases are obviously important not only because their experimental occurrence but
also due to their applicability to quantum computation [4, 17]. The main limitation to the
understanding of entanglement of such multipartite systems is due to the fact that most of
the techniques used to describe entanglement has been developed for 2-party systems. The
Schimidt decomposition, for example, [8] which is a procedure for quantifying entangle-
ment, is not valid in general for more than two systems. It turns out that these techniques
do not easily generalize to compositions of more than 2-systems. In this work we propose
to overcome such difficulties by using methods based on an algebraic approach to entangle-
ment rather than the standard methods based on Hilbert spaces. Such an algebraic approach
is then applied to the Clifford algebra. Entangled states will be described by tensor products
of algebraic spinors.

Many authors have been investigating the applications of Clifford algebras to describe
entanglement and the numerous aspects related to this subject [2, 14, 24]. For many reasons,
algebraic and geometric approaches to quantum mechanics and its peculiar features have al-
ways been appealing. In this regard, we share with many authors the idea that operators and
operands should be elements of the same space. This is in contrast with standard quantum
mechanics in which they are treated as elements sitting in separate spaces. As a result one
has to work with representations on Hilbert spaces rather than to work with the geometric
objects themselves. To our knowledge it was Sauter [21] who first proposed that spinors
were elements in a subspace of the Clifford algebra rather than some “column-like” object
sitting in a space of representation where elements of the Clifford algebra act as operators.
Sauter used this idea to solve Dirac equation using only algebraic techniques. However it
was only later that this idea was properly appreciated and clarified in the works of Riesz [18]
and Cartan [5]. Despite this, the idea has not been widely exploited in connection with the
peculiar nature of quantum phenomena, in particular quantum entanglement. The success-
ful use of Hilbert space representation in quantum mechanics along with its probabilistic
interpretation have led to the ideology that Hilbert space structure provides all it is needed
to describe quantum physics. However, we believe that it is rather legitimate to investigate
richer mathematical structures in connection with quantum theory. This brings additional
freedom which might be necessary to improve our understanding of the physical models.
For example we may need to rely on algebraic structures in order to allow the introduction
of thermodynamics at the quantum level. This has already been exploited in thermofield
dynamics [20] and applied to the study of entanglement [19]. A purely algebraic approach
to quantum mechanics as opposed to Hilbert space representation was already called for by
Dirac [7]. He claimed that such an approach offered a more general way of dealing with
situations where it was not possible to represent results in Hilbert space. He gave an explicit
example in field theory [6] where description using Hilbert spaces would fail but one could
still get results if one used the Heisenberg matrix algebra instead.

In the case of the Clifford algebra of a finite dimensional vector space, a geometric object
of great importance is the spinor. The space of spinors within the Clifford algebra describes
the quantum kinematics of the theory. These spinor spaces are minimal left ideals [11, 15,
23] of the algebra. They are Clifford modules. One of the importance of this algebraic way
of description is that it allows us to see more explicitly that spinors represent an aggregate
system [1], and in that sense they represent quantities more naturally associated with statis-
tics and composite systems. Usually these modules can be presented in a Fock-space like
form [22, 23]. It then becomes natural the idea of approaching entanglement from tensor
products of Clifford algebras, and their minimal one-sided ideals which in turn lead natu-
rally to the description of composition of quantum systems. Furthermore, another advantage
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of the Clifford algebra with respect to the analysis of entanglement is that the number of
particles being analyzed dictates the size of the kinematical space. In this way, results de-
veloped in simple cases (such as the 2-party systems) can be more easily generalized to the
n-party case.

In this paper we approach entanglement in multipartite systems aiming to apply it to
quantum computing. Unlike classical computation, quantum computation includes new pos-
sibilities coming from the superposition principle, the so called quantum teleportation for
example.

Entangled quantum states provide the means of creating quantum protocols with far
reaching abilities to solve tasks with no classical counterpart. Among many examples we
refer to algorithms with exponential processing velocities for example [9]. However imple-
menting such formidable applications is still not an easy task. In part most of the problems
still relates to a better understanding of the theoretical models for entanglement, particularly
the description of entanglement for multipartite systems.

This paper is intended to draw attention to a new line of investigation on entanglement.
We state and prove a theorem which establishes the necessary and sufficient conditions for
entanglement in a composite system of pure states. Moreover our theorem allows for the
identification of non authentic entangled states. Therefore the theorem provides a compre-
hensive characterization of entanglement in a composite system of pure states.

The paper is unfolded in the following sequence of presentation. We start with algebraic
preliminaries recalling the definitions of left ideals, primitive idempotents, and the algebraic
quantum space of states. We first show that the tensor product of two elements belonging to
two different minimal ideals in an algebra A results in an element of a minimal left ideal of
the tensor product algebra A ® A. Next we generalize this result to any number of systems.
In Sect. 3 we state and prove a theorem about tensor product of minimal one-sided ideals
which in turn gives the criteria for entanglement. This will be used to describe composite
systems. In these initial sections, our approach is general since statements will be made for
a general algebra. In Sect. 4 we apply our results to the Clifford Algebra. We use the fact
that Dirac bras and kets describing qubits can be naturally associated to elements of minimal
one-sided ideals of a Clifford algebra. More precisely we take tensor products of n identical
Clifford algebras and use a minimal left ideal of this product algebra as the state space for
describing a system of n qubits. Finally we give a description of entanglement in algebraic
terms. Section 5 closes with some conclusion remarks. In the appendix the notation and
some formal definitions related to spinor space and algebras are presented.

2 Composite Systems in Algebras

In quantum mechanics a composite system is the one that includes more than one quantum
object. States for these systems are represented as a tensor product of the individual states of
the objects comprising the system [16]. For example, consider a composite system consisting
of two subsystems say a and b. Denote by v € H, the state of the system a as an element
of the Hilbert space H, and by u € H, the state of the system b. The state of both systems
together is represented as a tensor product w =v @ u.

Let A be an algebra over the field K. Every algebra A which is not nilpotent contains an
idempotent element (see Appendix). Moreover, if an algebra A contains an idempotent, it
contains also a primitive idempotent. In algebraic quantum mechanics the algebra A is then
assumed to describe a physical process. The state space of an individual quantum system is
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represented by the minimal left ideal
H=AE, )]

where £ is a primitive idempotent of A. Therefore, the description of composite systems
in algebraic quantum mechanics requires tensor products of minimal left ideals. Let us ap-
proach such a description starting with simple lemmas and theorems concerning these prod-
ucts.

Lemma 1 Let & and &, be primitive idempotents in a simple algebra A. Then T = & ® &,
is a primitive idempotent in the algebra A @ A.

Proof

e Idempotency: £ and &, satisty (£])? =& and (&,)? = &,, therefore T2 = (£, ® £) (&) ®
E)=(&&E) R (&H8) =6 =T.

e Primitivity: An idempotent 7 is said to be primitive if 7AJ = k7, for k € K and any
A € A. The idempotents £, and &, are primitive idempotents, i.e. they satisfy £, A&, = k&,
and £,AE, =1&,, fork,l e Kand A € A. Thus, for T =&, ® & it is easy to check that

EIRENNARANE RE)=(EIARELEA)NE ®E)

=&51AE ® EAE 2)
=c& ®&, (3)

where ¢ =kl € K.
O

The results of Lemma 1 can be easily generalized for n-tensor products AQA® - -- ® A.

Lemma 2 Let &, &,,, ..., &, be primitive idempotents in the algebra A. Then the tensor
product & i, i, =&, ® &, ® --- ® &, is a primitive idempotent in the algebra (A @ A ®
-+ ® A), where (), indicates n factors in the tensor product.

Next we use these lemmas to prove that the tensor product of » minimal left ideals yields
a minimal left ideal.

Theorem 1 Let &, E,,, ..., &, be primitive idempotents in the algebra A and A, |, A,,, ...,
A,, arbitrary elements in A. Then the tensor product A, & ® A&, ® -+ ® A&, is an
element of a minimal left ideal in (A QA ® - - Q@ A),.

Proof We simply write,
Arlgi] ® Ar2 Q- ® Arngi,, = (Ar] ® Ar2 - ® Arn)(gi] ®€i2 Q- ®gi,,)
From Lemma 2, we know that & ® &, ® - - - ® &;, is a primitive idempotent in (A ® A ®
-+ ®A), and since A, ® A,, ® --- ® A,, is an arbitrary element of ( ARA®--- ® A), it

follows that A, &, ® A, &, ® -+ ® A, &, is an element of minimal left ideal of (A ® A ®
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3 Algebraic Criteria for Entanglement

In this section we describe an algebraic criteria for entanglement in multipartite systems.
Such a criteria will be stated in a form of a theorem. As our interest is entanglement of
quantum states related to Pauli spinors, we consider an algebra A whose generators are
Y1, V2, ..., s and suppose that A has one idempotent ¢ and the basis of the minimal left
ideal is given by (y;¢, y;¢), 1, j fixes.

Definition 1 Given a set of generators {y;, ® i, ® ¥i; ® - - - ® ¥;,} in the product algebra
ARARAR®:---®A, we say that they are in dictionary order [12] in any sum if the
elements appear from left to right labeled by a nondecreasing sequence of numbers formed
from juxtaposition of their indices for each element.

For example, in the case of the algebra A ® A ® A the generators in the sum, y; ®
VIRV F+VI®VOV+1 QY1 Qs+ 12 ® ys ® 1, are in dictionary order because by
considering their indices they appear from left to right with an nondecreasing sequence of
numbers 111,112,213, 231.

Theorem 2 A superposition of basis elements of one sided minimal ideals in the product
algebra AQ AR A ® --- ® A can be decomposed in a tensor product of basis elements
of one-sided ideal of each algebra A if and only if the coefficients ¢; of the superposition
satisfy the relation

; ;3 ;n—

ELIJE E R L )

& b Cn
where the coefficient ¢, is the coefficient of the first element in the dictionary order, {, is the
coefficient of the second and so forth.

Proof Consider any element of the product algebra which is written as the following super-
position of basis elements of a minimal left ideal:

V=0{yQyi® - Qy)IEe®e®: - Q¢)
+oYiQY® - QY)eQRe® - Q&)

+...
+8 1V QY Q- Qvi)e®eR - Q&)
+4LiQYi® - Qy)e®e®---Q¢), ©)

where the indices i, j must be such that the product elements appear in dictionary order. If
the state ¥ is decomposable (not entangled), it can be written in the form

¥ = (a1yie+biy;e) ®(arye +bryie) @@ (an_1vie +by_1y;€) @ (anyie +b,y;e). (6)
We compute these tensor products to find,

U=aiaya,(y;®vi® - Qy)(e®e - ®¢)
taar- by (i @y ®---Qy))e®e---Q¢)
+...
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+bibyay(y;®@y; @ ®y)(e®e---Q¢)
+biby---by(y; @Y ®--Qy)e®e--- &), @)
By comparing coefficients in the expressions (5) and (7) above we make the following iden-
tifications,
Si=aaz---ay,

r=ajay by,

®
Cn—1 = biby---ay,
;n = ble o 'bn-

These relations give rise to a nonlinear algebraic system. We do not need to solve this system
in order to determine if the superposition of basis elements of one sided minimal ideals is
decomposable. Notice that the system is equivalent to the relation

_ ;‘nfl a

SIS
;2 ;4 ;n bn ( )

It turns out that this expression interrelates all the equations of the nonlinear system. If the
system has a solution, then the relation (9) will be satisfied. Conversely, if the system does
not have a solution, the relation will not be satisfied. Moreover, recall that the relation is
expressed in terms of the coefficients of the state ¥ which was supposed to be decompos-
able. Therefore a superposition ¥ of basis elements of a one sided minimal ideal will be
decomposable if and only if the relation (9) holds. Otherside ¥ is an entangled state. O

The theorem just stated gives a criteria for deciding whether or not a state in a product
algebra can be decomposed. The criteria relies basically on (4) which are interrelations of
ratios between coefficients in a superposition. These are necessary and sufficient conditions.
In consequence we have an algebraic criterion for entanglement of multipartite systems.

4 Application to the Clifford Algebra

In this section we apply our algebraic criteria to the Clifford algebra. We start by discussing
how we will approach the qubits in the realm of Clifford algebras. The quickest way of
making this connection is via the Pauli algebra. This is because qubits are spinors of the
Pauli spin algebra. So we should look at elements of a minimal sided ideal of the Pauli
algebra as objects describing the qubits. Let us consider the Pauli algebra A with its defining
relations

(6)*=1 (=1,273), (10)
0i0j+O'jUi:0 (l#]) (11)

The primitive idempotents are given by:
1 1
8|:§(1+03) and 8225(1—0'3). (12)
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We can chose one of them, say ¢; since they can be made equivalent to one another by a
similarity transformation. The basis for our left ideal is given by

1:A81:{O'18|,O381}. (]3)
Now we can write a qubit as the following element of the minimal left ideal,
Y =ao e + boszey, (14)

with a and b in C. In matrix representation the a and b are identified with the matrix com-
ponents of spinors ¥.
Next we write the Bell states,

I :=a(o3e1 ® 0361) £ B(o161 ® 0181) = [a(03 ® 03) L B(o1 ®o1)](e1 ® 1), (15)
D :=1n(0361 ®o381) £8(0181 ®0o161) =[n(0] ®03) £6(03 ®01)](e1 ® &), (16)

with «, 8, 71,6 #0.

Notice that these states are elements of the minimal left ideal (A® A)(e; ® 1) in A® A.
‘We can apply our criteria to verify that these states are indeed entangled. In order to apply the
theorem, the first step is to multiply the qubits given in general form (14) and next arrange
them in dictionary order for further comparison:

(a10161 + bio3e)) ® (a10161 + biozey) = {a1a2(01 ® 01) + a1br(0) ® 03)
+biax(o3 ® 01) + b1 by(03 ® 03)} (g1 ® £1)
={¢1(01 ® 01) + {2(01 R 03) + §3(03 ® 01) + L4(03 ® 03) } (&1 ® £1).

We added the last equality in order to make it more explicit the use of our theorem. By the
theorem we must have,
[SRENE

22 = . 17
s = 084U =080 (17

Now we compare with expression (15) for the Bell state. We have {4 =a #0, ¢, =0,¢3=0
and ¢4 = B # 0. Hence relation (17) is not satisfied and as expected the state is entangled.
Similar analysis also confirms that (16) is entangled.

An interesting example to verify entanglement is the one of two states that differ from
one another only by a sign of one of the coefficients. They are the states,

¥ =1.0(01 ®01)(e1 ®e) +0.5(01 ® 03)(e1 @ £1)

+1.0(03 ® 01)(e1 ® 1) — 0.5(03 R 03) (61 ® £1), (18)
¥, = 1.0(01 ®o1)(e1 ® &1) +0.5(01 ® 03)(e1 ® &1)
+1.0(03 ® 01) (61 ® €1) +0.5(03 ® 03) (1 ® €1). (19)

By applying our criteria we can easily see that (19) is not entangled whereas (18) is. Let us
next consider a three-partite system,

V=a(01®0®0)(e Qe ®e)+ P01 R0 ®03)(e1 ®e Rer)
+48(01 Q@03 R 03)(e1 ®e1 ®éer), (20)
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already written in dictionary order. If the state is decomposable it admits the expression,
¥ = (a10181 + b10361) @ (@011 + bro3e1) ® (azo1€1 + b3o3¢61). 2D
Computing this tensor product and putting in dictionary order we get,

VY =a1ma3(01 @01 ®01)(61 e ®@e1) +aiabsi(o1 @01 ®03)(e1 @ e ®éy)
taibyaz(01 ® 03 @ 01)(e1 ® &1 @ &1) +aibybz(0) @03 @ 03)(61 @ €1 ® £1)
+bhiazasz (03 ® 01 ®01)(e1 ® &1 ® 1) + biarb3(03 ® 01 ® 03) (81 B €1 ® £1)
+b1braz(03 ® 03 ® 01) (81 ® &1 ® ®e1) + b1bab3(03 ® 03 ® 03) (61 ® &1 ® €1), (22)

which we write as

U ={1(01®01®01)(61 @61 ®¢&1) + 5(01 @01 ®03)(61 ® e ®er)
+53(01®03Q01)(61 @81 ®¢1) + {401 Qo3 B 03)(61 Q&1 Q&)
+5(03 Q01 Q01)(61 @& ®¢&1) + 603 @01 ®03) (61 ® €1 B 1)
+87(03Q03Q01)(61 Q&1 @®¢1) +§3(03 Q03 R 03)(61 Q&1 ®e1).  (23)

Invoking the theorem, we need to verify the ratios,

G_6_t_&

24
& & L s @9

By comparing the states (23) with (20) we find, ¢; = «, {, = B and {4 = § and the remaining
¢; vanish. We therefore conclude that the state is entangled since ;{4 # $283.

5 Conclusions and Final Remarks

The aim of this work has been to establish a criteria for entanglement. We have proposed an
algebraic approach which we believe it will help to improve the understanding of entangle-
ment in multipartite systems. In this approach, entangled states are described by elements in
aminimal left ideal of a tensor product of the algebras which describe the individual systems.
A theorem establishing relations among the coefficients of superpositions of elements of the
minimal left ideal was given. Those relations provide the necessary and sufficient conditions
to decide whether or not a state in a multipartite system is entangled. We have successfully
applied the algebraic approach to tensor products of the Pauli algebra confirming expected
results.

Concerning the quantification of entanglement, some authors formulate measures of en-
tanglement based on the scalar product of the Hilbert space. We point out that in the alge-
braic approach an inner product can also be constructed. This is just the canonical pairing
between the minimal one-sided ideals. This means that the algebra carries a measure of en-
tanglement and no use of Hilbert space measure is necessary. Among future developments
in the algebraic approach to entanglement are: (a) the extension of our results to the statis-
tical operator. This will allow for the description of mixture; (b) the construction of logical
gates; and (c) generalization to arbitrary number of dimensions. Works in this direction are
in progress and will be presented in forthcoming papers.
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Appendix: Algebraic Facts

Recall that a linear algebra A = {A, B, C, ...} is a vector space with (i) addition A+ B € A,
(ii) multiplication by a scalar LA € A, A is an element of the real or complex field, and (iii)
a product AB € A. We will assume that the product to be associative and we consider the
algebra to be of finite rank n, with a finite basis {e;}.

We assume that algebra A has a set of idempotents. An idempotent £ is primitive if does
not exist two idempotents &£ and &, such that £ =&, + &,. For an primitive idempotent
one has EAE = L€ where A € A and X € Z, the center of A. If {£;} is a set of primitive
idempotents, we can write Zf:l &, where & E&; = §;;E;.

A left ideal, I, consists of a set of elements K € A such AK € I;,VA € A. They are
generated by primitive idempotents introduced above. For example, if &; is a primitive idem-
potent, then a minimal left ideal I, is generated by considering K = A¢;, VA € A and
Kel,.

Similarly a right ideal I is defined through I ={K € A/KA € Iz, VA € A} so that a
minimal right ideal I can be also generated by &, giving K' = & A, VA € A and K € I.

Concluding this appendix we present a result we have obtained about tensor product
of identical Clifford algebras: Let V be an n-dimensional linear space over K endowed
with a quadratic form Q, and denote by CI, a short for C/(V, Q), the Clifford algebra of V.
Then, given C! with generators y; the product algebra (C! ® C/ ® - - - ® Cl), with generators
iy iy = Vi) ® Vi, ® Vi, @ - - @Y, is such that the following relations among the generators
hold:

Viz =1,

vivitviYi=livili =0,i # j,

U igeins Ly jecin I+ = 281 1 83,3+ - Biju Lich @@ @ty i 1 18 0dd,
[Filiz-»-in’ Fj1j2~~jn]— = 0, if n is even.

Rl e

In order to verify those relations let us consider:

@ [P =0, @V ® - ®¥,) i ® ¥, @+ Q Vi),
() [Tyiy..ins Fjliizmj,,]i = ®y,® @YV ®Y)p® Y, )E(; Y, - ®
J/.fn)(yil ®J/i2 Q- ® yin)'

Then, for relation (a), we have
[nliQ...in]z = ®Y,® RV Vi, ® - ® Vi)
=, Vi) ® WiVi) ® -+ ® (Vi Vi) = LichoClhg--Clyn)»

where we have used yiz =1.
For relation (b), if n is odd, we obtain

Yy ®vp,® - ®v,)V; ®Y), Q- Q®V),)
= vi) @ Wuvip) ® - ® (¥, 7))
=(=j¥i) ® (=VipVi) @+ @ (=V,Vi,)
= (=DM 7) © Vp¥iy) ® -+ ® (¥, Vi)
==y ®V,p® - ®Vj)¥ ®Yi, - ®Vi,)

OF [Lyiyins Ty jineju 4 = 2841, 8i o1+ * Bi ju Lict ©Cl@--®Cly) -
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Now, if n is even,

[FGiyin> T

J1ji2-jn

]-=0.

These results show that for a number n of systems we have a different product algebra

structure if 7 is even or odd.
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